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INDIVIDUAL MATH CONTEST SOLUTIONS

(1) The number 35 has four positive whole number fac-
tors: 1, 5, 7, 35. How many positive whole numbers
factors does 2016 have?

E. The prime factorization of 2016 is 2016 = 25 ·32 ·7.
This gives a total of (5 + 1) · (2 + 1) · (1 + 1) = 36
positive whole number factors.

(2) For how many real numbers x is
√
−(x+ 1)2 a real

number?

B. If x+ 1 6= 0, then −(x+ 1)2 < 0 and
√
−(x+ 1)2

is not real; if x+ 1 = 0, then
√
−(x+ 1)2 = 0. Thus

x = −1 is the only value of x for which the given
expression is real.

(3) What is the probability of flipping a fair coin four
times and getting exactly two heads and two tails?

B. There are sixteen equally likely outcomes. Of
these, six have two heads and two tails: HHTT,
HTHT, HTTH, THHT, THTH, TTHH. This gives
a probability of 6/16 = 3/8.

(4) Add the positive whole numbers from 1 to 2016. How
many times does the digit “3” appear in your result?

D. We compute 1 + 2 + 3 + · · ·+ 2016 = 2016·2017
2 =

2, 033, 136

(5) Which of the following statements is (are) equivalent
to the statement “If the pink elephant on planet al-
pha has purple eyes, then the wild pig on planet beta
does not have a long nose”?

I. “If the wild pig on planet beta has a long nose, then
the pink elephant on planet alpha has purple eyes.”

II. “If the pink elephant on planet alpha does not have
purple eyes, then the wild pig on planet beta does not
have a long nose.”

III. “If the wild pig on planet beta has a long nose, then
the pink elephant on planet alpha does not have purple
eyes.”

IV. “The pink elephant on planet alpha does not have

purple eyes, or the wild pig on planet beta does not have

a long nose.”

B. The statements “If P, then Q,” “If not Q, then not
P” and “Not P or Q” are equivalent. As is customary
in mathematics, the word “or” is used here in the
inclusive sense.

(6) In the adjoining figure, circle K has diameter AB;
circle L is tangent to circle K and to AB at the cen-
ter of circle K; and circle M is tangent to circle K,
to circle L and to AB. The ratio of the area of circle
K to the area of circle M is

C. In the adjoining figure, MF is parallel to AB and
intersects KL at F . Let r, s(= r/2) and t be the radii
of the circles with centers K, L, and M , respectively.
Applying the Pythagorean theorem to 4FLM and
4FKM yields

(MF )2 =
(r

2
+ t
)2
−
(r

2
− t
)2

(MF )2 = (r − t)2 − t2.
Equating the right-hand sides of these equations yields

r/t = 4. Therefore, the desired ratio is 16.

(7) How many integers greater than ten and less than
one hundred, written in base ten notation, are in-
creased by nine when their digits are reversed?

C. Let t and u be the tens’ digit and the units’
digit, respectively, of a number which is increased
by nine when its digits are reversed. Then 9 =
(10u + t) − (10t + u) = 9(u − t) and u = t + 1.
The eight solutions are: 12, 23, 34, 45, 56, 67, 78,
and 89.

(8) In triangle 4ABC, the measure of angle C is 60 de-
grees, and the sides AC and BC have lengths 4 and
5 respectively. Compute the length of side AB.

C. Using the Law of Cosines, c2 = a2+b2−2ab cosC =
42 + 52 − 2(4)(5)( 1

2 ) = 21. So the length of side AB

is
√

21.

(9) Simplify 2log4 9.

B. We have 2log4 9 = (4
1
2 )log4 9 = 4

1
2 log4 9 = 4log4

√
9 =

3.
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(10) How many edges does a dodecahedron have?

D. A dodecahedron has 12 faces, each of which is a
pentagon, giving a total of 60 edges. However, we
have counted every edge twice, so the total number
of edges is 30.

(11) For how many paths consisting of a sequence of hor-
izontal and/or vertical line segments, with each seg-
ment connecting a pair of adjacent letters in the di-
agram below, is the word CONTEST spelled out as
the path is traversed from beginning to end?

E. All admissible paths end at the center “T” in the
bottom row of the diagram. Our count is easier if we
go from the end to the beginning of each path; that is,
if we spell TSETNOC, starting at the bottom center
and traversing sequences of horizontally and/or very-
ically upward directed segments. The count becomes
easier still if we take advantage of the symmetry of
the figure and distinguish those paths whose horizon-
tal segments are directed to the left from those whose
horizontal segments are directed to the right. These
two sets have the central vertical column in common
and contain an equal number of paths. Starting at
the bottom corner “T” in our figure, we have at each
stage of the spelling the two choices of taking the
next letter from above or from the left. Since there
are 6 steps, this leads to 26 paths in this configu-
ration. Since we have counted the central column
twice, there altogether 2 ·26−1 = 127 distinct paths.

(12) If the positive whole numbers from 1 to 30 are all
multiplied together, how many consecutive zeroes are
at the end of the resulting product?

E. The number of consecutive zeroes at the end of a
product of integers is the number of factors of 2 or 5
in the product, whichever is less. There are clearly
more factors of 2 in this product, so we can count
the factors of 5. There are seven: 5, 10, 15, 20, 25
(counts twice), and 30.

(13) For how many integer values of n is the expression
n2−n
n+4 equal to an integer?

E. We can substitute u = n+ 4 to get an equivalent

expression (u−4)2−(u−4)
u = u−9− 20

u . Since u is an in-
teger exactly when n is, we simply need to know how
many integers u result in 20

u being an integer. There
are twelve such values: ±1,±2,±4,±5,±10,±20.

(14) Suppose that θ is an obtuse angle with sin θ = 3/5.
Compute cos θ.

A. Using the identity sin2 θ + cos2 θ = 1, we com-
pute cos θ = ± 4

5 . Since θ is obtuse, cos θ is negative.

Hence, cos θ = − 4
5 .

(15) For how many values of the coefficient a do the equa-
tions

x2 + ax+ 1 = 0

x2 − x− a = 0

have a common real solution?

B. Subtracting the second given equation from the
first yields

ax+ x+ (1 + a) = 0

or, equivalently,

(a+ 1)(x+ 1) = 0.

Hence, a = −1 or x = −1. If a = −1, then the given
equation are identical and have (two complex but)
no real solutions; x = −1 is a common solution to
the given equations if and only if a = 2. Therefore, 2
is the only value of a for which the given equations
have a common real solution.

(16) A triangle has vertices atA(0, 0), B(5, 6), and C(3, 12).
Find the area of this triangle.

A. Drawing a rectangle around this triangle with ver-
tices (0, 0), (5, 0), (0, 12), and (5, 12), we obtain three
other triangles with area 6, 15, and 18. Since the rec-
tangle has area 60, the area of the triangle 4ABC is
60− (6 + 15 + 18) = 21.

(17) If a, b, and d are the lengths of a side, a shortest
diagonal and a longest diagonal, respectively, of a
regular nonagon (see adjoining figure), then:

A. In the adjoining figure, sides PQ and TS of the
regular nonagon have been extended to meet at R
and the circumscribed circle has been drawn. Each
side of the nonagon subtends an arc of 360◦/9 = 40◦;
therefore

∠TPQ = ∠STP

=
1

2
· 3 · 40◦ = 60◦.
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SinceQS||PT , it follows that both4PRT and4QRS
are equilateral. Hence d = PT = PR = PQ+QR =
PQ+QS = a+ b.

(18) Let g(x) = x5 + x4 + x3 + x2 + x + 1. What is the
remainder when the polynomial g(x12) is divided by
the polynomial g(x)?

A. We shall use the identity

(x− 1)(xn + xn−1 + · · ·+ 1) = xn+1 − 1.

Thus, for example, (x−1)g(x) = x6−1. By definition
of the function g, we have

g(x12) = (x12)5 + (x12)4 + (x12)3 + (x12)2 + x12 + 1

= (x6)10 + (x6)8 + (x6)6 + (x6)4 + (x6)2 + 1.

Subtracting 1 from each term on the right yiels the
equation

g(x12)− 6 = (x6 − 1)P (x),

where P (x) is a polynomial in x6. Expressing x6 − 1
in terms of g(x), we arrive at

g(x12) = (x− 1)g(x)P (x) + 6.

When this is divided by g(x), the remainder is 6.

(19) Two positive numbers a and b have the property that
ab = 32 and a2 + b2 = 36. Compute a+ b.

A. We square a+ b to get (a+ b)2 = a2 + 2ab+ b2 =
36+2 ·32 = 100. Since a and b are positive, this gives
a+ b = 10.

(20) Find the sum of the digits of the largest even three
digit number (in base ten representation) which is
not changed when its units and hundreds digits are
interchanged.

D. The units and hundreds digits of the desired num-
ber must be equal. The largest such even three digit
number is 898. The sum of the digits is 25.


