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INDIVIDUAL MATH CONTEST SOLUTIONS

(1) Find the number of counterexamples to the state-
ment: “If N is an odd positive integer the sum of
whose digits is 4 and none of whose digits is 0, then
N is prime.”

(C) An odd integer the sum of whose digits is 4 must
have units digit 1 or 3. This is a list of all the odd pos-
itive integers with non-zero digits, the sum of whose
digits is 4: 13, 31, 121, 211, 1111. Since 13, 31, and
211 are primes, 121 = 112 and 1111 = 11 · 101 are
the two counterexamples.

(2) A piece of graph paper is folded once so that (0, 2) is
match with (4, 0), and (7, 3) is matched with (m,n).
Find m+ n.

(B) The crease in the paper is the perpendicular bi-
sector of the segment that joins (0, 2) to (4, 0). Thus
the crease contains the midpoint (2, 1) and has slope
2, so the equation y = 2x − 3 describes it. The seg-
ment joining (7, 3) and (m,n) must have slope −1/2,
and its midpoint (7+m

2 , 3+n
2 ) must also satisfy the

equation y = 2x− 3. It follows that

−1

2
=

n− 3

m− 7
and

3 + n

2
= 2 · 7 +m

2
− 3,

so 2n+m = 13 and n− 2m = 5. Solve the equations
simultaneously to find that m = 3/5 and n = 31/5,
so that m+ n = 34/5 = 6.8.

(3) Pedro Calderón de la Carca, the greatest Spanish
playwright of the Golden Age, was born and died in
the fifteenth century. The square root of his birth
year plus the square root of his death year equaled
his age at the time of his death. Both squares roots
are positive integers. How old was he when he died?

(D) If y is the square root of his birth year and x the
square root of the year he died, then x+y = x2−y2.
Since x2−y2 = (x−y)(x+y), we see that x = y+ 1.
Thus x and y are consecutive positive integers. Since
he died in the seventeenth century, the square of x
must be between 1601 and 1700. The only pair of
integers satisfying these requirements is x = 41 and
y = 40. It follows that Pedro Calderon de la Carca
was born in 1600 and died in 1681 at the age of 81.

(4) Let a be an integer such that x3 − x + a has three
integer roots. How many such integers a are there?

(B) Since x3 − x = (x − 1)(x)(x + 1), we see that
x3 − x is strictly increasing for x ≥ 1 and strictly in-
creasing for x ≤ −1. Thus, the polynomial x3−x+a

can have at most one positive integer root and at
most one negative integer root. A third integer root
must then be 0, hence a = 0. It follows that there is
only one value for a that leads to x3 − x+ a having
three integer roots.

(5) The ratio of children to adults at a party is 2:3. A
busload of 30 more children arrives at the party, and
now the ratio of children to adults is 3:2. How many
people were at the party before the bus arrived?

(C) Let C be the number of children and A the
number of adults present for the bus arrived. Then
C = 2

3A and C + 30 = 3
2A. Thus, 5

6A = 30, and we
obtain A = 36 and C = 24. So, there were 60 people
at the party before the bus arrived.

(6) Find the area of the region consisting of all points
(x, y) satisfying 1 ≤ |x|+ |y| ≤ 2.

(C) The region consists of the points lying inside a
square whose vertices are at (±2, 0) and (0,±2) and
outside a square whose vertices are at (±1, 0) and
(0,±1). The outer square has area 8 and the inner
square area 2.

(7) A rectangle with a perimeter of 176 centimeters is
divided into five congruent rectangles as shown in
the diagram below. What is the perimeter of one of
the five congruent rectangles?

(C) Let x and y denote the width and height of one
of the five rectangle, with x < y. Then 5x+4y = 176
and 3x = 2y. Solve simultaneously to get x = 16 and
y = 24. The perimeter in question is 2·16+2·24 = 80.

(8) Let bxc denote the greatest integer equal to or less
than x. What is the smallest positive value of bxc for
which bx2c − bxc2 = 2015?

(B) If x = n+ f , where 0 ≤ f < 1, then we want to
find the smallest n satisfying

2015− f2

2f
≤ n.

The left-hand side of this inequality is a strictly de-
creasing function in terms of f and since f < 1, we
find that 1007 < n. On the other hand, if f = 0.9991
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and n = 1008, then indeed bx2c − bxc2 = 2015.

(9) Each day, Sophie ate 20% of the jellybeans that were
in her jar at the beginning of the day. At the end of
the second day, 32 remained. How many jellybeans
were in the jar originally?

(B) Since Sophie ate 20% of the jellybeans remain-
ing each day, 80% are left at the end of each day. If x
is the number of jellybeans in the jar originally, then
(0.8)2x = 32. Thus x = 50.

(10) There are 5 yellow pegs, 4 red pegs, 3 green pegs,
2 blue pegs, and 1 orange peg to be placed on a
triangular peg board. In how many ways can the pegs
be placed so that no (horizontal) row or (vertical)
column contains two pegs of the same color.

(B) To avoid having two yellow pegs in the same row
or column, there must be exactly one yellow peg in
each row and in each column. Hence the peg in the
first row must be yellow, the second peg of the sec-
ond row must be yellow, the third peg of the third
row must be yellow, etc. To avoid having two red
pegs in some row, there must be a red peg in each
of rows 2 ,3 ,4, and 5. The red pegs must be in the
first position of the second row, the second position
of the third row, etc. Continuation yields exactly one
ordering that meets the requirements, as shown.

(11) A box contains 3 shiny pennies and 4 dull pennies.
One by one, pennies are drawn at random from the
box and not replaced. If the probability is a/b that it
will take more than four draws until the third shiny
penny appears and a/b is in lowest terms, then what
is a+ b equal to?

(E) Compute the probability of drawing the 3 shiny
pennies in 3 or 4 draws, and subtract this from 1.
Wen all 7 pennies are drawn, there are

(
7
3

)
positions

the shiny pennies can occupy. Similarly, if among

the first 4 pennies drwan there are 3 shiny pennies,
then there are

(
4
3

)
positions for these 3 shiny pennies.

Thus, the probability that the 3 shiny pennies are
drawn among the first 4 is(

4
3

)(
7
3

) =
4!
3!1!
7!
3!4!

=
4

35
.

Thus the requested probability is 1−(4/35) = 31/35,
whose numerator and denominator sum to 66.

(12) If A⊗B = A(A+B) and A⊕B = B(B − A), then
1⊗ (2⊕ 3) =

(B) 1⊗(2⊕3) = 1⊗(3(3−2)) = 1⊗3 = 1(1+3) = 4.

(13) The value of
1

2−
1

2−
1

2− 1
2

is

(B)
1

2−
1

2−
1

2− 1
2

=
1

2−
1

2− 2
3

=
1

2− 3
4

= 4
5

(14) If tan θ = a, then sin 2θ =

(A) Using the identity sin 2θ = 2 sin θ cos θ and the
triangle below, we obtain the answer.

a

√
1 + a2

1
θ

(15) Andy leaves at noon and drives at constant speed
from town A to town B. Bob leaves at noon, driving
at 40 mph from town B to town A on the same high-
way as Andy. Andy arrives at town B twenty min-
utes after passing Bob, whereas Bob arrives at town
A forty-five minutes after passing Bob. At what time
do Andy and Bob pass each other?

(C) Converting minutes to hours, the distance form
town A to town B can be expressed three different
ways to obtain

(t+ 20)va = (t+ 45)40 = (40 + va)t.

We now find that t = 1/2 and va = 60. Thus, they
passed each other at 30 minutes past noon.

(16) A hexagon inscribed in a circle has three sides of
length a and three sides of length b so that no two
consecutive sides are the same length. Determine the
radius of the circle.
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(E) Since all the angles of ABCDEF are congruent,
each is 120◦. By the law of cosines

AC = 2R2(1− cos 120◦)

= a2 + b2 − 2ab cos 120◦,

which yields 3R2 = a2 + ab+ b2.

(17) As the old saying goes,

Big fleas have little fleas
Upon their backs that bite ’em,
And little ones have lesser ones,
And so ad infinitum.

If the flea on the bottom weighs
√

2 grams, and ev-
ery other flea weighs

√
2− x, where x represents the

weight of the flea on whose back it rests (while bit-
ing, of course), how much does the flea on top weigh
in grams?

(A) Let wn denote the weight of the nth flea (from

the bottom), so that w1 =
√

2 and wn =
√

2− wn−1,
for n = 2, 3, . . . . If the weights wn approach the
weight L as n goes to infinity (i.e., if the sequence
{wn} converges to L), then we must have L =

√
2− L,

which yields L = 1. Thus, the flea on top weighs 1
gram. Note: we do not show that {wn} is a con-
vergent sequence here, which is needed to make sure
that L actually exists.

(18) What is the maximum number of points of intersec-
tion of the graphs of two different cubic polynomial
functions with leading coefficients 1?

(B) Let p(x) and q(x) represent the two different cu-
bic polynomials with leading coefficients 1. Then the
number of intersection points is equal to the number
of roots of the polynomial f(x) = p(x)− q(x). Since
the cubic terms cancel out, f(x) has degree at most
two, so it has at most two roots. Hence, the graphs
of the original cubic functions intersect at most twice.

(19) A rising number, such as 34689, is a positive integer
each digit of which is larger than each of the digits
to its left. There are

(
9
5

)
= 126 five-digit rising num-

bers. when these numbers are arranged from smallest
to largest, the 97th number in the list does not con-
tain the digit

(B) The number of five-digit rising numbers that be-
gin with 1 is

(
8
4

)
= 70, since the rightmost four digits

much be chosen from the set {2, 3, 4, 5, 6, 7, 8, 9} and
once chosen, they can be arranged in increasing or-
der in only one way. Similarly, the next

(
7
4

)
= 35

integers in the list begin with 2. We see that the
five-digit rising numbers beginning with either 1 or 2
comprise the first 105 integers in the list. Thus the
97th one is ninth from the end of the first 105, and
counting backwards, we have 26789, 25789, 25689,
25679, 25678, 24789, 24689, 24679, and the ninth is
24678. Thus, the digit 5 is not used.

(20) The figure shown below can be folded into the shape
of a cube. In the resulting cube, which of the lettered
faces is opposite the face marked x?

(C) Think of A as the bottom. Fold B up to be the
back. Then x folds upward to become the left side
and C folds forward to become the right side, so C
is opposite x.


